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Combinatorial designs have been used widely in the construction of self-dual codes.
Recently a new method of constructing self-dual codes was established using ortho-
gonal designs. This method has led to the construction of many new self-dual codes
over small "nite "elds and rings. In this paper, we generalize this method by using
generalized orthogonal designs, and we give another new method that creates and
solves Diophantine equations over GF(p) in order to "nd suitable generator matrices
for self-dual codes.We show that under the necessary conditions thesemethods can be
applied as well to small and large "elds. We apply these two methods to study
self-dual codes over GF(31) and GF(37). Using these methods we obtain some new
maximum distance separable self-dual codes of small orders.  2002 Elsevier Science (USA)
Key =ords: Self-dual codes; generalized orthogonal designs; Diophantine equa-
tions; construction.1. INTRODUCTION
In this section we present some basic known facts and de"nitions that are
necessary for explaining our approach to generalized orthogonal designs and
self-dual codes.
1.1. Codes
A linear [n, k] code C over GF(p) is a k-dimensional vector subspace
of GF(p), where GF(p) is the Galois "eld with p elements. In this paper,
we consider the case where p is a prime. The elements of C are called
codewords and the (Hamming) weight wt(x) of a codeword x is the number
of nonzero coordinates in x. The minimum weight of C is de"ned as455
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456 GEORGIOU AND KOUKOUVINOSminwt(x)  0Ox3C. A [n, k, d] code is an [n, k] code with minimum
weight d. A matrix whose rows generate the code C is called a generator
matrix of C. The dual code C of C is de"ned as C"x3GF(p) x ) y"0
for all y3C. C is self-dual if C"C. For p,1 (mod 4), a self-dual [n, n/2]
code over GF(p) exists if and only if n is even, and for p,3 (mod 4),
a self-dual [n, n/2] code over GF(p) exists if and only if n,0 (mod 4). We say
that self-dual codes with the largest minimum weight among self-dual codes
of that length are optimal. A [n,k,n!k#1;p] code is calledmaximum distance
separable (MDS).
Self-dual codes are important because many of the best codes are of this
type and they have a rich mathematical theory. By the Gleason}Pierce
theorem, there are divisible self-dual codes over GF(p) for p"2,3 and 4.
Hence much work has been done concerning self-dual codes over these "elds.
For example, self-dual codes of small lengths over GF(2), GF(3), and GF(4)
have been classi"ed (cf. [15, Sections 11.3}11.6]), in order to determine which
codes exist and which weight enumerators are possible. In addition, much is
known about the largest minimum weights for self-dual codes over these
"elds (cf. [15, Tables X, XII, XIII, and XIV]). Conversely, self-dual codes over
larger "elds have not been widely studied [15]. For GF(5) and GF(7), only
self-dual codes up to length 12 and lengths 4 and 8 have been classi"ed, and
the largest minimum weights up to lengths 16 and 12 have been determined,
respectively, [11], [14], and [10]. Recently self-dual codes over larger alpha-
bets attracted the interest of researches, see [3, 6].
Now we consider the weight enumerators of self-dual codes over GF(p).
THEOREM 1 (MacWilliams et al. [12]). ¹he weight enumerator of a self-
dual code over GF(p) is an element of
[(x#(p!1)y), y(x!y)].
Hence we have a trivial upper bound d4n/2#1 which coincides with the
Singleton bound for an [n, n/2, d] code. However, the weight enumerator
=

(n) of a self-dual [n, n/2, n/2#1] code over GF(p) is uniquely determined.
1.2. Orthogonal Designs and Generalized Orthogonal Designs
Here we give some of the basic de"nitions and theorems of orthogonal
design and generalized orthogonal designs, which have many applications
and among others can be used for the construction of self-dual codes.
An orthogonal design of order n and type (s

, s

,2, s) (s'0), denoted
OD(n; s

, s

,2, s ), on the commuting variables x , x ,2 , x is an nn
matrix A with entries from 0,$x

,$x

,2 ,$x such that
AA"



s

x
  I .
MDS SELF-DUAL CODES 457Alternatively, the rows of A are formally orthogonal and each row has
precisely s

entries of the type$x

. An orthogonal design is said to be full i!
it contains no zeros.
DEFINITION 1. Let D be a matrix on the commuting variables x

,x

,2 ,x
where each variable can appear (in each column or row) in the form$a

x

,
i"1, 2,2 , t and j"1, 2,2 ,u and  u"n, where u is the number of
zeros in each row or column. Set s

"

a

. Then D is a generalized
orthogonal design (in short GOD) i!
DD"



s

x
  I .
D will be denoted as
D"GOD(n; a

, a

,2 , a ;a , a ,2 , a ;2 ; a , a ,2 , a ).
Alternate notation of a generalized orthogonal design will be
D"GOD(n;(k

, a

',2,(k , a';2;
(k

, a

',2,(k , a')
where k

denotes how many times the variable x

has the coe$cient a

. If
k

"1 we write (2 , a ,2 ) otherwise we write (2 ,(k , a',2).
In [7], where this was "rst de"ned, it was mentioned that if a

"1 for all
i"1,2,2 , t and j"1, 2,2, u then the generalized orthogonal design
GOD(n; a

, a

,2, a ;2; a , a ,2, a ) is an orthogonal design OD(n;
u

, u

,2, u). Thus orthogonal designs are a special case of the generalized
orthogonal designs we have de"ned above.
EXAMPLE 1. Let D"GOD(4; 1, 1; 1; 1). We have that n"4, u

"2,
u

"1, u

"1 and a

"a

"a

"a

"1. Thus
D"GOD(4; 1, 1; 1; 1)"
a b a c
!b a c !a
!a !c a b
!c a !b a"OD(4; 2, 1, 1)
is an orthogonal design of order 4 and type (2, 1, 1).
2. As we mention above, full orthogonal designs of odd order cannot exist,
but this is not true for full generalized orthogonal designs. For example, the
next matrix is a generalized orthogonal design of one variable. In this case
458 GEORGIOU AND KOUKOUVINOSn"3, t"1, u

"3, a

"2, a

"2, a

"1. Thus
D"
2b 2b !b
!b 2b 2b
2b !b 2b
is a circulant GOD(4; 2, 2, 1) and DD"



a

b I"9bI . 

THEOREM 2 (The two circulant construction [7]). ¸et A

, A

be two cir-
culant matrices of order n with entries a

x

for all i"1,2 and j"1,2,2, u
satisfying
A

A

#A

A

"fI.
If f is the quadratic form 

s

x

, there exist u

, u

51 and a

, i"1,
2, j"1,2 , u such that s"a then there is a generalized orthogonaldesign
GOD(2n; a

, a

,2, a ; a , a ,2, a ).
Moreover if a

"a

"1 for all j

"1, 2,2, u , i"1, 2 then there exist
an orthogonal design (special case) OD(2n; s

, s

). If f is an integer there
exists a =(2n, f ).
THEOREM 3 (Extented Goethal}Seidel construction [7]). Suppose there exist
four circulant matrices A, B, C, D of order n with entries a

x

for all i"1, 2, 3,
4,"1,2,2 , u satisfying
AA#BB#CC#DD"fI

.
¸et R be the back diagonal matrix and set
GS"
A BR CR DR
!BR A DR !CR
!CR !DR A BR
!DR CR !BR A .
Now if f is the quadratic form 

s

x

, there exist u

, u

, u

, u

51 and a

,
i"1, 2, 3, 4, j"1,2, u such that s"a then there is a generalized
MDS SELF-DUAL CODES 459orthogonal design
GOD(4n;a

, a

,2, a ;a , a ,2,a ;a , a ,2, a ;a ,a ,2, a ).
Moreover if a

"a

"a

"a

"1 for all j

"1,2,2, u , i"1, 2, 3, 4
then there exists an orthogonal design (special case) OD(4n;s

, s

, s

, s

). If f
is an integer there exists a =(4n, f ).
2. SOME KNOWN CONSTRUCTION METHODS
In this section we brie#y present some of the known methods that have
been used for the construction of self-dual codes.
 A pure double circulant code has a generator matrix of the form
I R , (1)
where I

is the identity matrix of order n and R is an n by n circulant matrix.
A [2n, n] code over GF(p) with a generator matrix of the form

 2

I

 R
  , (2)
where R is a (n!1) by (n!1) circulant matrix, and ,  and 3GF(p), is
called a bordered double circulant code. These two families of codes are
collectively called double circulant codes (cf. [13]).
It was shown in [16] that there are no bordered double circulant self-dual
codes over GF(p) if and only if!1 is not a quadratic residue in GF(p).
 Another technique used in [4, 5], is based on orthogonal designs. First
we de"ne the following matrix. A matrix M over GF(p) satisfying
MM"!cI

for a nonzero element c is an orthogonal design over GF(p)
[6]. Then
G"(cI

M) (3)
generates a self-dual code.
3. THE NEW METHODS
In this section, we employ the following two techniques to construct
optimal self-dual codes. In the "rst method, generalized orthogonal designs
460 GEORGIOU AND KOUKOUVINOScan be used, under some necessary conditions, to construct self-dual codes
cause of the orthogonality of their structure. In the second method, we give
a technique we can use to create and solve some diophantine equations to
obtain a generator matrix of some self-dual codes.
3.1. Self-Dual Codes from Generalized Orthogonal Designs
Here in we give the necessary and su$cient conditions that generalized
orthogonal designs should satisfy in order to be able to use them in the
construction of self-dual codes.
As it is described in Section 1.2, a generalized orthogonal designs GOD
(n; a

,2 , a ;2 ; a ,2 , a ) satisfy
DD"



s

x
  I"







a
x I .
THEOREM 4. ¸et D be a generalized orthogonal designs GOD(n; a

,2 ,
a

;2 ; a ,2 , a ). If there exist replacements of the variables
x

, i"1, 2,2 , t with elements from GF(p), p prime and c3GF(p), cI0(mod p)
such that








a
x #c,0(mod p)
then the matrix G"[cI

M], where M is the matrix we obtain from D after
the replacement, is the generation matrix of a [2n, n] self-dual code.
Proof. Matrix G satis"es
GG"[cI

M][cI

M]"cI

#(

(i

a

)x

)I

"((

(i

a
i
)x

)#c)I

"0,
and thus G is the generator matrix for a self-dual code of order 2n and
dimension n. 
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D"
3a !4b !4b 3a 4b 3a 4b 3a
!4b 3a 3a !4b 3a 4b 3a 4b
4b !3a 3a !4b 4b 3a !4b !3a
!3a 4b !4b 3a 3a 4b !3a !4b
!4b !3a !4b !3a 3a !4b !4b 3a
!3a !4b !3a !4b !4b 3a 3a !4b
!4b !3a 4b 3a 4b !3a 3a !4b
!3a !4b 3a 4b !3a 4b !4b 3a

be a generalized orthogonal design GOD(8;(4, 3';(4, 4'). If we replace
a by 2 and b by 1 in D and use G"[I

M], where M is the matrix obtained
from D after the replacement, as a generator matrix. This matrix generates
a [16, 8, 8] self dual code over GF(11) with weight enumerator
x#7200x	y	#56800x
y#361760xy#2042880xy#8512000xy
#26084800xy#56011200xy#74629760xy#46652480y.
In [3], where this was constructed by another method, it was shown that
there is no MDS code, and thus the largest minimum weight in a linear
self-dual code of order 16 and dimension 8 is 8.
3.2. Self-Dual Codes from the Solutions of Diophantine Equations
We shall give a method for the construction of self-dual codes with
generator matrix G, a n2n matrix, of the form G"[cI

M].
In order to expose our method for constructing suitable circulant or block
circulant matrices M of order n with elements from GF(p) satisfying
MM"!cI

for some cI0(mod p), c3GF(p) we shall need some more
elementary known de"nitions.
Let A"A

:A

"a

, a

,2 , a, j"1,2 ,l, be a set of l sequences
of length n. The nonperiodic autocorrelation function, over GF(p), N
	
(s) of
the above sequences is de"ned as
N
	
(s)"
l





a

a

 (mod p), s"0, 1,2 , n!1 (4)
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(s) is de"ned, reducing
i#s modulo n, as
P
	
(s)"
l





a

a

 (mod p), s"0,1,2 , n!1. (5)
It is easy to show that P
	
(s)"P
	
(n!s) and thus we only have to check
P
	
(s) for all s"0, 1,2 , [n/2], where [x] is the integer part of x.
For the results of this paper generally PAF is su$cient. However NPAF
sequences imply that PAF sequences exist, the NPAF sequence being padded
at the end with su$cient zeros to make longer lengths. Hence NPAF can give
more general results.
A circulant matrix E of order n with "rst row e

, e

,2 , e will be
denoted by E"circ(e

, e

,2 , e ).
3.2.1. Diophantine Equations and Circulant Construction
Let M"circ(m

,m

,2,m ) be a circulant matrix of order n with ele-
ments fromGF(p) satisfyingMM"fI

, where f,!c(mod p). To "nd such
matrices we must solve the system Diophantine equations arising from
Eq. (5). These are:
P

(0),!c(mod p)N



m
 ,!c(mod p)
and
P

(s),0(mod p)N



m

m

,0(mod p), s",1,2 , [n/2].
This is a system of [n/2]#1 Diophantine equation and any solution of
this give us a generator matrix G of a [2n, n] self-dual code since
GG"[cI

M][cI

M]"cI

#MM and MM"!cI

.
EXAMPLE 3. Let M"circ(m

,m

,m

,m

, m

). We built up the system of
diophantine equations as it is shown in method 3.2.1 for c"1 and p"13.
P

(0),!1(mod 13)N



m
 ,!1(mod 13)
and
P

(s),0(mod 13)N



m

m

,0(mod 13), s"1, 2.
A solution of this system of three Diophantine equations is m

"8, m

"11,
m

"11, m

"2, m

"12. The matrix G"[I

M] generates a linear self-
dual code [10, 5, 6] over GF(13) with weight enumerator
MDS SELF-DUAL CODES 463= (x , y )"x#2520xy#10080xy
#53460xy	#138360xy
#166872y.
3.2.2. Diophantine Equations and Two Block Circulant Construction
Let M constructed by two circulant matrices say A

"
circ(a

, a

,2 , a) and A"circ(a , a ,2 , a) of order n in the form
M"
A

A

!A

A

 .
Again we have to solve the system of [n/2]#1 Diophantine equations
P
	
(0),!c(mod p)N






a
,!c(mod p)
and
P
	
(s),0(mod p)N






a

a

,0(mod p), s"1,2 , [n/2]
to obtain a 2n2n matrixM satisfyingMM"!cI

and thus a [4n, 2n]
self-dual code with generator matrix G"[cI

M].
EXAMPLE 4. Let A

"circ(a

, a

, a

) and A

"circ(a

, a

, a

). We
built up a system of Diophantine equations as it is shown in method 3.2.2
for c"1 and p"17.
P
	
(0),!1(mod 17)N






a
,!1(mod 17)
and
P
	
(1),0(mod 17)N






a

a
 
,0 (mod 17).
A solution of this system of two Diophantine equations is a

"9, a

"9,
a

"11, a

"9, a

"12, a

"1. The matrix G as it is de"ned in method
3.2.2 generates a linear self-dual code [12, 6, 6] over GF(17) with weight
enumerator
x#576xy#9216xy
#87840xy	#625600xy
#3007680xy#8745216xy#11661440y.
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Let M constructed by four circulant matrices say A

"
circ(a

, a

,2 , a ), i"1, 2, 3, 4 of order n in the form
M"
A

A

R A

R A

R
!A

R A

A

R !A

R
!A

R !A

R A

A

R
!A

R A

R !A

R A

 ,
where R"(r

) is the back diagonal matrix. Again we must solve the system
of [n/2]#1 Diophantine equations
P
	
(0),!c(mod p)N






a
,!c(mod p)
and
P
	
(s),0(mod p)N






a

a

,0(mod p), s"1,2 , [n/2]
to obtain a 4n4n matrixM satisfyingMM"!cI

and thus a [8n, 4n]
self-dual code with generator matrix G"[cI

M].
EXAMPLE 5. Let A

"circ(a

, a

), A

"circ(a

, a

), A

"circ(a

, a

),
A

"circ(a

, a

). We built up a system of Diophantine equations as it is
shown in method 3.2.3 for c"1 and p"19.
P
	
(0),!1(mod 19)N






a
,!1(mod 19)
and
P
	
(1),0(mod 19)N






a

a
 
,0(mod 19).
A solution of this system of two Diophantine equations is a

"18, a

"18,
a

"18, a

"16, a

"18, a

"14, a

"16, a

"13. The matrix G
as it is de"ned in method 3.2.3 generates a linear self-dual code [16, 8, 8]
over GF (19) with weight enumerator
x#8640x	y	#136800x
y#1683360xy#16498944xy
#124044480xy#686508480xy#2648358720xy
#6355905408xy#7150418208y.
MDS SELF-DUAL CODES 4654. THE RESULTS
In this section we present the codes we found using the above methods and
full orthogonal designs.
4.1. Self-Dual Codes Over GF(31)
1. Matrix G is a generator matrix of a linear self-dual MDS [4, 2, 3; 31]
with weight enumerator =(x, y)"x#120xy#840y constructed from
the orthogonal design D"OD(2; 1, 1) if we replace a by 8 and b by 11 where
D"
a b
!b aNM"
8 11
!11 8  N G"
1 0 8 11
0 1 !11 8 
2. Matrix G is a generator matrix of a linear self-dual MDS [8, 4,
5; 31] with weight enumerator =(x, y)"x	#1680xy#21840xy
#189600xy
 #710400y	 constructed from the orthogonal design D if
we replace a by 1, b by 3, and c by 9.
D"OD(4;2, 1, 1) if we replace a by 1, b by 3, and c by 9 where
D"
a b a c
!b a c !a
!a !c a b
!c a !b a N M"
1 3 1 9
!3 1 9 !1
!1 !9 1 3
!9 1 !3 1 N
G"
1 0 0 0 1 3 1 9
0 1 0 0 !3 1 9 !1
0 0 1 0 !1 !9 1 3
0 0 0 1 !9 1 !3 1 .
3. Matrix G is a generator matrix of a linear self-dual MDS [12, 6, 7; 31]
with weight enumerator
=(x, y)"x#23760xy
#356400xy	#4890600xy
#43904520xy#239524560xy#598803840y
466 GEORGIOU AND KOUKOUVINOS4 0 0 0 0 0 1 !15 !6 !13 3 3
0 4 0 0 0 0 !6 1 !15 3 !13 3
0 0 4 0 0 0 !15 !6 1 3 !13 3
0 0 0 4 0 0 13 !3 !3 1 !6 !15
0 0 0 0 4 0 !3 13 !3 !15 1 !6
0 0 0 0 0 4 !3 !3 !13 !6 !15 1
G"  .
constructed from the one variable generalized orthogonal designD"GOD(6;
1, 3, 3, 6, 13, 15) if we replace the variable a by 1 where
D"
a !15a !6a !13a 3a 3a
!6a a !15a 3a !13a 3a
!15a !6a a 3a !13a 3a
13a !3a !3a a !6a !15a
!3a 13a !3a !15a a !6a
!3a !3a !13a !6a !15a a
 N
M"
1 !15 !6 !13 3 3
!6 1 !15 3 !13 3
!15 !6 1 3 !13 3
13 !3 !3 1 !6 !15
!3 13 !3 !15 1 !6
!3 !3 !13 !6 !15 1
 N
4.2. Self-Dual Codes over GF(37)
1. Matrix G"[1 6] is a generator matrix of a linear self-dual MDS
[2, 1, 2; 37] with weight enumerator=(x, y)"x#36xy.
2. Matrix G is a generator matrix of a linear self-dual MDS [4, 2, 3; 37]
with weight enumerator= (x, y)"x#144xy#1224y constructed from
the orthogonal designD"OD(2; 1, 1) if we replace a by 10 and b by 11, where
D"
a b
!b a N M"
10 11
26 10N G"
1 0 10 11
0 1 26 10 .
3. Matrix G is a generator matrix of a linear self-dual MDS [6, 3, 4; 37]
with weight enumerator =(x, y)"x#540xy#7128xy#42984y
MDS SELF-DUAL CODES 467constructed from the circulant matrix M if we replace variable a in D by 2,
where
D"
2a 2a !a
!a 2a 2a
2a !a 2aNM"
4 4!2
!2 4 4
4!2 4
NG"
1 0 0 4 4 !2
0 1 0 !2 4 4
0 0 1 4 !2 4
4. Matrix G is a generator matrix of a linear self-dual MDS [8, 4,
5; 37] with weight enumerator =(x, y)"x	#2016xy#32256xy
#334656xy
 #1505232y	 constructed from the orthogonal design D"
OD(4;2,1,1) if we replace a by 1, b by 12, and c by 1, where
D"
a b a c
!b a c !a
!a !c a b
!c a !b aN M"
1 12 1 1
!12 1 1 !1
!1 !1 1 12
!1 1 !12 1 
N G"
1 0 0 0 1 12 1 1
0 1 0 0 !12 1 1 !1
0 0 1 0 !1 !1 1 12
0 0 0 1 !1 1 !12 1  .
5. Matrix G is a generator matrix of a linear self-dual MDS [10, 5,
6; 37] with weight enumerator =(x, y)"x#7560xy#133920xy

#1832220xy	#14645160xy#52725096y constructed from a double
circulantmatrix. SetD"circ(a, a, b, c, d). ThusDD"circ(x

,x

, x

, x

,x

).
Then we "nd a replacement of the variables such that the system of equations
(6), (7), and (8) are satis"ed;
1#x

,0 (mod 37) (6)
x

,0 (mod 37) (7)
x

,0 (mod 37), (8)
468 GEORGIOU AND KOUKOUVINOSwhere x

"2a#b#c#d, x

"a#ab#bc#cd#da and x

"ab#
2ac#bd#da. Solving these equations we have that if we replace variables
a by 1, c by 23, d by 16 and e by 27 we obtain the matrices
M"
1 1 23 16 27
27 1 1 23 16
16 27 1 1 23
23 16 27 1 1
1 23 16 27 1  N G"
1 0 0 0 0 1 1 23 16
0 1 0 0 0 27 1 1 23
0 0 1 0 0 16 27 1 1
0 0 0 1 0 23 16 27 1
0 0 0 0 1 1 23 16 27
27
16
23
1
1  .
6. Matrix G is a generator matrix of a linear self-dual MDS [12, 6, 7; 37]
constructed from the one variable generalized orthogonal design D"
GOD(6; 1, 1, 3, 3, 5, 13) if we replace the variable a by 1, where
D"
1a 1a 3a 4a !13a !5a
3a 1a 1a !5a 4a !13a
1a 3a 1a !13a !5a 4a
!4a 5a 13a 1a 3a 1a
13a !4a 5a 1a 1a 3a
5a 13a !4a 3a 1a 1
N
M"
1 1 3 4 !13 !5
3 1 1 !5 4 !13
1 3 1 !13 !5 4
!4 5 13 1 3 1
13 !4 5 1 1 3
5 13 !4 3 1 1
N
G"
1 0 0 0 0 0 1 1 3
0 1 0 0 0 0 3 1 1
0 0 1 0 0 0 1 3 1
0 0 0 1 0 0 !4 5 13
0 0 0 0 1 0 13 !4 5
0 0 0 0 0 1 5 13 !4
4 !13 !5
!5 4 !13
!13 !5 4
1 3 1
1 1 3
3 1 1
 .
7. Let M"circ(m

, m

, m

, m

, m

, m

, m


). We built up a
system of Diophantine equations as it is shown in method 3.2.1 for c"1
MDS SELF-DUAL CODES 469and p"37,
P

(0),!1(mod 37)N




m
 ,!1(mod 37)
and
P

(s),0(mod 37)N




m

m

,0(mod 37), s"1, 2, 3.
A solution of this system of four Diophantine equations is m

"1, m

"1,
m

"4, m

"26, m

"31, m

"11, m


"31. Thus
G"[I


M]"
1 0 0 0 0 0 0 1 1
0 1 0 0 0 0 0 31 1
0 0 1 0 0 0 0 11 31
0 0 0 1 0 0 0 31 11
0 0 0 0 1 0 0 26 31
0 0 0 0 0 1 0 4 26
0 0 0 0 0 0 1 1 4
4 26 31 11 31
1 4 26 31 11
1 1 4 26 31
31 1 1 4 26
11 31 1 1 4
31 11 31 1 1
26 31 11 31 1
 .
The matrix G generates a linear self-dual MDS [14, 7, 8; 37] code.
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